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Stochastic Algorithms for Exact and Approximate
Feasibility of Robust LMIs

Giuseppe Calafiore and Boris T. Polyak

Abstract—In this note, we discuss fast randomized algorithms for deter-
mining an admissible solution for robust linear matrix inequalities (LMIs)
of the form ( �) 0, where is the optimization variable and� is
the uncertainty, which belongs to a given set���. The proposed algorithms
are based on uncertainty randomization: the first algorithm finds a robust
solution in a finite number of iterations with probability one, if a strong
feasibility condition holds. In case no robust solution exists, the second al-
gorithm computes an approximate solution which minimizes the expected
value of a suitably selected feasibility indicator function. The theory is il-
lustrated by examples of application to uncertain linear inequalities and
quadratic stability of interval matrices.

Index Terms—Linear matrix inequalities (LMIs), quadratic stability,
robust semidefinite programming, stochastic algorithms, uncertainty
randomization.

I. INTRODUCTION

In this note, we discuss the problem of determining feasible or
approximately feasible solutions to robust linear matrix inequality
(LMI) constraints, using fast iterative methods based on uncertainty
randomization. Robust LMI constraints arise naturally from standard
LMI problems, when uncertainty is present in the data matrices. More
formally, let be a prescribed subspace ofp; q, which accounts
for structure in the uncertainty (e.g., block-diagonal), then we shall
consider structured norm-bounded uncertainty

� ���
:
= f� 2 : k�k � �g (1)

wherek � k denotes any matrix norm, and� denotes the uncertainty
radius. Alternatively, the uncertainty may be described by a set of finite
cardinalityNv , i.e.,� � �f = f�1; . . . ; �N g. A robust LMI is
defined as the matrix inequality

F (x; �) � 0; 8� 2�; x 2 m (2)

where

F (x; �) = F0(�) +

m

i=1

xiFi(�) (3)

and whereFi(�) = F T
i (�) 2 n;n are functions of the uncertainty

�. LetX � m be a nonempty, convex and closed set, then the robust
feasibility problem is posed as

Findx 2 X such thatF (x; �) � 0; 8� 2�: (4)

A vector~x that satisfies (2) is said arobustly feasiblesolution.
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To motivate our developments, we recall that the problem of deter-
mining a robustly feasible solution to (2), with� restricted as in (1), is
in general NP-hard; [4], [9]. When the uncertainty� entersF (x; �)
in a linear fractional form (LFT), the robust feasibility problem may
be dealt with using the recently emerged techniques of robust semidef-
inite programming, [4], [9]. Even in the special (albeit quite general)
case of LFT uncertainty, robust semidefinite programming (SDP) tech-
niques provide in general only sufficient conditions for robust feasi-
bility. Also, these techniques transform the original uncertain problem
into a convex problem of much larger size. When uncertainty is present,
even problems that are originally of small size result in convex opti-
mization problems that push to the limits the existing SDP solver codes.
As an example, the problem of assessing quadratic stability for an in-
terval matrix of dimensionn may be cast as a problem of finding a
common solution toNv = 2n Lyapunov inequalities for the vertex
matrices, [6]. Forn = 4, this results in an LMI problem involving a
symmetric matrix of dimensionM�M , withM = 4�216 = 262144.

Another problem related to (4), is that there may actually exist no ro-
bustly feasible solution. In this case, it may be of interest to determine
a solution that minimizes some average measure of constraints viola-
tion, as detailed later. A similar approach for approximate feasibility
has recently been proposed by Barmish and Scherbakov in [3].

In this note, we present simple and efficient algorithms for the
computation of feasible or approximately feasible solutions for robust
LMIs, based on stochastic subgradient methods, [10]. A feature of
the presented theory is also the absence of assumptions on the way
the uncertainty enters intoF (x; �). This framework may therefore
accommodate the cases in which the uncertainty cannot be described
using the LFT formalism. The price to pay for the aforementioned
enhancements is that the proposed algorithms are based on random-
ization in the space of the uncertainty, therefore their solution and
convergence properties can only be assessed in a probabilistic sense.

The main idea is to convert LMIs into convex scalar inequalities, and
compute the relative subgradients in explicit form (Section II). Then,
we generate random samples of the uncertainty and work, at each iter-
ation, with the resulting random inequality.

The first algorithm (Theorem 1) is aimed to the solution of feasible
problems. This uncertainty randomization approach and its application
to the solution of robust LMIs, are new to the best of the authors’ knowl-
edge. A deterministic counterpart of the first method (Theorem 1) can
be traced back to Kaczmarz method for solving linear equations [12],
and to Agmon–Motzkin–Shoenberg method for solving linear inequali-
ties, [1], [13]. For nonlinear convex inequalities, it has been proposed in
[16]. A version with finite convergence for linear inequalities was used
by Yakubovich in the middle of the sixties for solving adaptive control
problems (see [5] and references therein), and then extended to non-
linear inequalities by Fomin [11]. In the same line of research, a similar
randomized approach is proposed in [17] to solve quadratic inequalities,
in the context of robust linear quadratic regulator (LQR) design.

The second algorithm (Theorem 2) deals with the case when no ro-
bustly feasible solution exists. In this case, it can be employed to find
a solution that minimizes an averaged measure of constraint violation.
This second method is indeed an application of a general method by
Nemirovskii and Yudin [14] for stochastic optimization. This method
does not seem to have been exploited earlier for the solution of LMIs
with uncertain data. A conference version of the present note has ap-
peared in [8].

0018–9286/01$10.00 © 2001 IEEE
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II. PRELIMINARIES AND COMPUTATION OFSUBGRADIENTS

We assume that the uncertainty� is a random matrix, with given
probability distributionf� over its support set�, and that it is possible
to generate samples of� according to this probability distribution. We
will not discuss here issues related to the choice of the probability dis-
tributionf�. A natural choice (which also has theoretical rationale be-
hind, see [2]) is to assume uniform distribution over�. In this case,
there exist efficient algorithms for generation of uniformly distributed
indices [for the case of a discrete uncertainty set (1)], for generation of
random vectors uniformly distributed iǹp-norm bounded balls, and
for uniform generation of matrix samples in operator-norm bounded
sets [for the case of matrix uncertainty (1)], see [7] and the references
therein.

We introduce a scalar function'(x; �), defined as

'(x; �) = kF+(x; �)k (5)

where the notationA+ indicates the projection of the matrixA onto
the cone of positive–semidefinite matrices, as further detailed in the
sequel. This function will be called afeasibility indicator function(FIF)
in the sequel. Another (similar) class of feasibility indicators has been
proposed in [3] for generic constraint sets. From the definition (5), it
follows that'(x; �) > 0 if and only if F (x; �) 6� 0, and it is zero
otherwise. With these premises, a vector~x 2 m is robustly feasible
for (2) if and only if it satisfies'(~x; �) = 0, for all � 2 �. If
there exist no robustly feasible point, we say that~x is anapproximately
feasiblesolution for (4) if it minimizes the mean indicator function,
i.e.,

~x = argmin
x2X

Ef'(x; �)g (6)

whereE denotes expectation with respect to�. In this case, the func-
tion'(x; �) measures the “distance” from feasibility, and the approx-
imate solution~x is the one that minimizes the expectation over� of
the constraint violation.

We introduce the notation[�]X to denote the projection of the ele-
ment� ontoX , i.e.,

k� � [�]X k = min
y2X

k� � yk:

Let Sn denote the Hilbert space ofn � n real symmetric matrices,
equipped with the Frobenius norm and the scalar producthA; Bi =
TrAB. LetC be the cone of positive–semidefinite matrices,C = fA 2
Sn: A � 0g. The following lemma will be used in the sequel.

Lemma 1: Let A+ be the projection ofA 2 Sn onto the coneC,
then the following conditions are equivalent:

1) A+ = [A]C , i.e.,A+ is a projection ofA ontoC;
2) A = A++A�, whereA+ 2 C,A� 2 �C, andhA+; A�i = 0;
3) A+ = RD+R

T , whereR andD = diag(d1; . . . ; dn) are
the eigenvector and eigenvalues matrices ofA, respectively, that
is A = RDRT , andD+ = diag(d+1 ; . . . ; d

+
n ), beingd+i =

max(di; 0).
A proof of this lemma may be found in [15]. We remark that the

assertion 3) provides a direct method for explicitly computing the pro-
jectionA+.

We recall that a functionf : m ! Sn is convex (in matrix sense)
if for any x1; x2 2 m,

f(tx1 + (1� t)x2) � tf(x1) + (1� t)f(x2); for 0 � t � 1:

The following lemmas, whose simple proofs are omitted for brevity,
hold.

Lemma 2: The functionF+(x; �) is convex inx, in the above
sense.

Lemma 3: If a functionf : m ! C is convex, then the function
g: m ! , g(x) = kf(x)k is also convex.

As an immediate corollary, we have the following.
Lemma 4: The function'(x; �) = kF+(x; �)k, whereF (x; �)

is defined in (3), is convex inx.
The subgradient of this function can be found as follows.
Lemma 5: Let'(x; �) be defined as in (5), whereF (x; �) is de-

fined in (3), and let

r'(x; �)
:
=

1

'(x; �)

TrF1(�)F+(x; �)
...

TrFm(�)F+(x; �)

then

@x'(x; �) =
r'(x; �); if '(x; �) 6= 0

0; otherwise

is a subgradient of'(x; �) atx.
Notice that the above subgradient does not tend to infinity whenx

is nearly feasible [i.e., when'(x; �) ! 0]. It can indeed be easily
proved that ifFi(x; �) are bounded on�, then the subgradient
remains bounded on any bounded set. We also emphasize that the
computation of a subgradient basically requires the solution of a
symmetric eigenvalue problem, therefore the iterative steps in the
algorithms below can be performed efficiently. Of course, if the
dimensionn is very large, there may arise conditioning problems in
the eigenvalues computation, that may require specific care. However,
the problems of main interest in this note are those with very large
number of uncertainties, but with moderate dimensions of the matrices
involved.

III. A LGORITHM FOR FEASIBLE CASE

We consider first the case when a robustly feasible solution exists.
In particular, we assume that astrong feasibilitycondition holds: there
existx� 2 X ; " > 0 such that

F (x; �) � 0; 8x 2 X : kx� x
�k � "; 8� 2�: (7)

Consider the following recursion:

xk+1 = [xk � �k@xf'(xk; �
k)g]X (8)

where @x denotes a subgradient with respect tox, and �k,
k = 0; 1; . . . are i.i.d. random samples drawn fromf�. Define the
stepsizes�k as

�k =

�
'(xk; �

k) + "k@xf'(xk; �
k)gk

k@xf'(xk; �k)gk2
;

if '(xk; �k) 6= 0;

0; otherwise

(9)

where0 < � < 2 is a parameter of the algorithm. We shall also need the
following technical assumption, that guarantees nonzero probability to
distinguish if a vectorx is a feasible solution or not.

Assumption 1: If x is not a robustly feasible solution for (2), then it
must hold that

Pr(F (x; �) 6� 0) > 0:

This means that the measure of the set of “bad”�s with respect to the
probability densityf� must be nonzero. The convergence result for the
recursion (8) is stated in the following theorem.

Theorem 1: If Assumption 1 and the strong feasibility condition (7)
hold, then for anyx0 2 X , the recursion (8) finds a robustly feasible
solution of (2) in a finite number of iterations with probability one.
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Proof: Define

x = x� +
"

k@xf'(xk;�k)gk
@xf'(xk; �

k)g

wherex� is a robustly feasible solution. Then, due to (7),x is a feasible
solution of (2) and, in particular,'(x; �k) = 0 for all k. Now, due to
the properties of a projection

kxk+1 � x�k2 �kxk � x� � �k@xf'(xk; �
k)gk2

= kxk � x�k2 + �2kk@xf'(xk; �
k)gk2

� 2�k(xk � x)T @xf'(xk; �
k)g

� 2�k(x � x�)T @xf'(xk; �
k)g:

We now consider the last two terms in the inequality above. Due to
convexity of'(x; �) and to the feasibility ofx, we obtain

(xk � x)T @xf'(xk; �
k)g �'(xk; �

k)� '(x; �k)

�'(xk; �
k)

while, due to definition ofx

(x� x�)T @xf'(x
k; �k)g = "k@xf'(xk; �

k)gk:

Thus, we write

kxk+1 � x�k2 � kxk � x�k2 + �2kk@xf'(xk; �
k)gk2

�2�k('(xk; �
k) + "k@xf'(xk; �

k)gk):

Now, if '(xk; �k) > 0, substituting in the above the value of�k given
in (9), we get

kxk+1 � x�k2 �kxk � x�k2

�
�(2� �)('(xk;�

k) + "k@xf'(xk; �
k)gk)2

k@xf'(xk; �k)gk2

�kxk � x�k2 � "2�(2� �):

Therefore, if'(xk; �k) > 0, then we obtain

kxk+1 � x�k2 � kxk � x�k2 � "2�(2� �):

From this formula, we conclude that no more thanM = kx0 � x�k2=
("2�(2��)) correction steps can be executed. On the other hand, ifxk
is infeasible, then, due to Assumption 1, there is a nonzero probability
to make a correction step. Thus, with probability one, the method can
not terminate at an infeasible point. We therefore conclude that the al-
gorithm must terminate after a finite number of iterations at a feasible
solution.

Remarks: In the stepsize rule (9) we have assumed that the value of
" (the radius of a ball contained in the feasibility set) is known. If it is
not the case, we can replace" in (9) by"s(k), wheres(k) is the number
of correction steps performed before thekth iteration, and"s > 0,
"s ! 0, 1

s=0 "s = 1. Then, the last inequality in the proof of the
theorem writes

kxk+1 � x�k2 � kxk � x�k2 � �(2� �)

s(k)

s=0

"2s:

From this inequality, we can again conclude that the modified algorithm
terminates in a finite number of steps with probability one.

The numberM of correction steps strongly depends on". It is con-
firmed by numerical simulations that the method converges very fast
(often in less than 100 iterations) if the feasible set is “large enough,”
while for “small” feasible set convergence is much slower. In the limit

case, if the feasible set shrinks to a singleton, the strong feasibility as-
sumption is violated and the algorithm fails to converge.

Notice also that computing the projections ontoX is a convex
problem, which has a particularly simple solution whenX is, for
instance, a half-space, the positive orthant, an ellipsoid, or, in general,
a closed set defined by an LMI.

In [17], the authors present a result similar in spirit to Theorem 1, but
for a specific problem related to quadratic inequalities in the context of
robust controller design. The present work generalizes that result to the
general framework of robust LMIs.

IV. A LGORITHM FOR APPROXIMATE FEASIBILITY

In this section, we propose an iterative randomized algorithm for
determining an approximately feasible solution for (4). To this end,
we specialize a result on stochastic optimization in Banach spaces of
Nemirowskii and Yudin [14]. Here, we provide a new statement and
proof which simplify and adapt to the robust LMI problem the original
general setting of [14].

Theorem 2: Consider the robust feasibility problem (4). Let� be a
random matrix with given probability distributionf� over the support
�. Let'(x; �) be a feasibility indicator function, and let

f(x)
:
= Ef'(x; �)g

whereE denotes statistical expectation. Suppose further thatX is
a convex and closed set,f(x) has a minimum point~x on X , and
k@xf'(x; �)gk � �, for all x 2 X , � 2 �. Given an initial vector
x0, consider the recursion

xk+1 = [xk � �k@xf'(xk; �
k)g]X (10)

where @x denotes a subgradient with respect tox, and �k,
k = 0; 1; . . . are i.i.d. random samples drawn fromf�. Let

xk =
mk�1

mk

xk�1 +
�k
mk

xk (11)

for x0 = 0, m0 = 0, mk = mk�1 + �k, �k > 0. Then

Ef(xk)� f(~x) � C(k) (12)

where

C(k) =

kx0 � ~xk2 + �2
k�1

i=0

�2i

2

k�1

i=0

�i

:

Moreover, if it holds that�i ! 0, 1

i=0 �i = 1, then
limk!1Ef(xk) = f(~x).

Proof: Consider the distance from the current pointxk+1 to the
optimal point~x. By the definition of projection, we have thatk[x]X �
x�k � kx� x�k, for anyx, and for anyx� 2 X , therefore

kxk+1 � ~xk2 � kxk � ~xk2 � 2�k(xk � ~x)T @'(xk; �
k)

+�2kk@'(xk; �
k)k2: (13)

Now, for a convex functiong(x), for any x; x� it holds that
(x � x�)T @g(x) � g(x) � g(x�), hence(xk � ~x)T @'(xk; �

k)
� '(xk; �

k)� '(~x; �k). On the other hand, from the boundedness
condition on the subgradients we have thatk@'(xk; �

k)k2 � �2,
therefore (13) writes

kxk+1 � ~xk2 � kxk � ~xk2

�2�k('(xk; �
k)� '(~x; �k)) + �2k�

2: (14)
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Denotinguk = Ekxk � ~xk2, and taking expectation of both sides of
(14), we get

uk+1 � uk � 2�k(Ef(xk)� f(~x)) + �2k�
2

anduk � u0�2 k�1

i=0
�i(Ef(xi)�f(~x)) +�2 k�1

i=0
�2i , therefore

k�1

i=0

�i(Ef(xi)� f(~x)) � 1

2
u0 + �2

k�1

i=0

�2i : (15)

It is obvious that (11) provides a recurrent version of a Cesaro mean,
thereforexk is an averaged version of thexks

xk =

k

i=0

�ixi

k

i=0

�i

:

From Jensen inequality for convex functions, we then have

f(xk) = f

k

i=0

�ixi

k

i=0

�i

�

k

i=0

�if(xi)

k

i=0

�i

therefore

Ef(xk)� f(~x) �

k

i=0

�i(Ef(xi)� f(~x))

k

i=0

�i

and, by (15)

Ef(xk)� f(~x) �
u0 + �2

k

i=0

�2i

2

k

i=0

�i

which proves (12). With the further assumptions on the step
sizes 1

i=0
�i = 1; �i ! 0, it immediately follows that

Ef(xk)! f(~x), for k !1.
Remark: Theorem 2 also gives an estimate of solution accuracy for

a finite sample. In particular, optimizingC(k) over�i, we get�i =
�� = (kx0 � ~xk=�)(1=pk), i = 0; . . . ; k � 1. If the number of
iterations is fixed in advance tok, then the best choice are constant
step sizes�� = kx0 � ~xk=�

p
k, which yields

Ef(xk)� f(~x) � 2
kx0 � ~xk�p

k
:

If we do not fixa priori the number of iterations, a good choice for the
steps is�k = c=

p
k, which provides asymptotically the same estimate

Ef(xk) � f(~x) = O(1=
p
k).

V. APPLICATIONS

In this section, we present numerical examples of application of the
proposed theory. In particular, we consider an example involving ro-
bust feasibility of uncertain linear algebraic inequalities, and problems
related to quadratic stability of interval plants.

A. Uncertain Linear Inequalities

Consider a robust feasibility problem for a set of linear algebraic
inequalities in the form

A(�A)x � b(�b) (16)

whereA 2 n;m, x 2 m, �A; �b are matrices that account for
the structured uncertainty acting onA andb, and the� sign is to be
intended element-wise. In particular, we will consider a randomly gen-
erated example with additive, independent uncertainty acting on each
entry of the dataA; b:A(�A) = A0+�A; b(�b) = b0+�b, where

A0 =

�12:8819 13:6427 �8:1623
�9:5296 4:8204 20:9407

7:7817 �7:8707 0:8015

�0:0633 7:5200 �9:3730
5:2449 �1:6689 6:3574

b0 =

1:6820

0:5936

0:7902

0:1053

�0:1586

�
:
= [�A �b ] k�k1 � r

wherek �k1 denotes thè1-norm (each element of the matrix is inde-
pendently bounded in magnitude). It is clear that (16) can be rewritten
as a robust LMI problem (see, for instance, [18]), therefore the algo-
rithms proposed above may be applied to determine a feasible or ap-
proximately feasible solution. However, we can in this case dispense
with the general matrix notation, and repeat a similar reasoning for the
cone of nonnegative vectors. A feasibility indicator function is in this
case simply given by'(x; �) = k(Ax� b)+k, where the suffix+ is
now to be intended as projection onto the cone of nonnegative vectors.
A subgradient is easily computed following Lemma 5 as

@x'(x; �) =
AT (Ax� b)+=k(Ax� b)+k; if '(x; �) 6= 0

0; otherwise.

We first setr = 0:65, and runN = 250 iterations of the stochastic gra-
dient algorithm proposed in Section IV, starting withx0 = 0, and found
the solutionxN = [�0:2724 �0:2526 �0:0882 ]T . We then per-
formed a Monte-Carlo test usingxN , to estimate the empirical prob-
ability of robust feasibility. Using 100 000 uniformly generated sam-
ples of the uncertainty, we obtained̂pfeas = 0:9989. Then, we set
r = 0:55, and applied the algorithm of Section IV with� = 1:8,
x0 = 0. This algorithm converged in less thanN = 30 iterations to
the solutionxN; f = [�0:1697 �0:1719 �0:0565 ]T . Checking
100 000 randomly generated systems of inequalities (16), we verified
all of them to be satisfied. It is interesting to note that the pointxN also
satisfies all inequalities withr = 0:55.

B. Quadratic Stability of Interval Plant

We here consider the problem of assessing quadratic stability for a
linear system described by a matrix whose elements belong to indepen-
dent intervals, that is

A(�) = A0 +�; j�ij j � rSij ; r > 0: (17)

We first use a 3� 3 example system taken from [3], where

A0 =

�2 �2 0

1 0 0

1 0 �2

S =

0:651 0:9394 0:5691

0:2451 0:4727 0:1457

0:7004 0:4014 0:3141

:
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It is well known (see, for instance, [6]) that the system (17) is quadrat-
ically stable if and only if there exists a matrixP � 0 that simultane-
ously satisfiesNv = 2n = 512 Lyapunov inequalities involving the
vertex matrices

A
T (�k

v)P + PA(�k
v) � 0; k = 1; . . . ; Nv

where�k
v represents thekth vertex of the polyhedron described by

j�ij j � rSij .
We first setr = 0:5. In this case, we know from [3] that there ex-

ists a common solution for all the Lyapunov inequalities involving the
vertices. The algorithm proposed in Section IV, drawing one uniform
random vertex sample of the uncertainty at each iteration, converges in
less thanN = 50 iterations to the solution

PN; f =

1:2487 0:8155 0:3177

0:8155 2:0443 0:2425

0:3177 0:2425 0:5371

:

This solution may be checked to actually satisfy simultaneously all the
required Lyapunov inequalities.

We then setr = 1. In this case it may be proved that no common
solution exists for the Lyapunov inequalities. We computed an approx-
imately feasible solution using the algorithm in Section III. AfterN =
250 iterations we obtained the solution

PN =

1:2042 0:9899 �0:2649

0:9899 1:7455 �0:0967

�0:2649 �0:0967 0:5577

:

For this solution, we computed the empirical probability of satisfac-
tion of robust feasibility, using 100 000 uniform random samples of the
uncertainty, obtaininĝpfeas = 0:996. It should be remarked that the
above solutions are computed in about one second on a standard work-
station. Also, as already mentioned, the exact simultaneous solution of
the above Lyapunov equations goes beyond the capabilities of most of
the existing LMI solvers, for systems of order greater than four. As a
more challenging example, we considered a system of ordern = 10,
with nominal matrixA0 available at http://www.polito.it/~calafior/pa-
pers/data/data_stoclmi.htm. The considered system was obtained by
integer truncation, and it is nominally stable. We want to determine a
common Lyapunov matrixP � 0 that proves quadratic stability, for in-
dependent element-wise uncertainty on the entries ofA0, with r = 0:5.
Using standard tools, this would require the simultaneous solution of
2100 ' 1:26 1030 Lyapunov inequalities.

We used the algorithm of Section III, starting from an initial point
P0 that solves the Lyapunov equation for the nominal plant,AT

0 P0 +
P0A0 = �I . The algorithm converged in aboutN = 10000 iterations
to the solutionPN which, for space reasons, is reported at the above
web address. For this solution, we estimated the empirical probability
of robust feasibility on 1 000 000 randomly selected vertices, obtaining
p̂feas = 1:0.

VI. CONCLUSION

Two fast randomized algorithms for determining feasible or approx-
imately feasible solutions to robust LMI problems have been discussed
in this note. These techniques proved to be useful for problems which
are intractable by means of standard exact LMI methods. In all cases,
the solution provided by the randomized approach (which comes at
very low computational cost) may serve as a good initial guess for a
deterministic algorithm.

The first algorithm guarantees termination in a finite number of
steps, if a robustly feasible solution exists. The second algorithm
is general purpose, and can be applied in the case when we do not
know in advance if a robustly feasible solution exists. Numerical tests
showed that the second method has in general slower convergence than
the first one. In both cases, the “goodness” of resulting solution may
be checkeda posteriorivia Monte-Carlo randomization, as discussed
in the examples.

It is expected that these techniques will be applied advantageously to
the solution of various problems related to robust control design. Fur-
ther research is needed in the direction of developing similar algorithms
for the optimization of a functional under robust constraints, and to the
extension of these results to generalconvexmatrix inequalities.
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